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Abstract. In this paper, we extend the characterization of Z[a;]/(/), 
where / £ Z[a;] to be a free Z-moduIe to multivariate polynomial rings 
over any commutative Noetherian ring, A. The characterization allows 
us to extend the Grobner basis method of computing a k- vector space ba- 
sis of residue class polynomial rings over a field k (Macaulay-Buchberger 
Basis Theorem) to rings, i.e. A[a;i, . . . , XnJ/a, where o C A\x\.^ . . . ,Xt^ 
is an ideal. We give some insights into the characterization for two spe- 
cial cases, when A = Z and A = k[&i, . . . ,6'™]. As an application of 
this characterization, we show that the concept of Border bases can be 
extended to rings when the corresponding residue class ring is a finitely 
generated, free yl-module. 



1. Introduction 



Buchbergeii ( 19651 ) introduced the algorithmic theory of Grobner bases and 
gave an algorithm for finding a k- vector space basis of the residue class ring 
of a zero dimensional ideal. Since then the theory of Grobner bases has be- 
come a standard tool in computational ideal theory and algebraic geometry. 
Subsequently, the theory of Grobner bases has been extended to different 
variations of the polynomial r ing. The varian ts include polynomia l rings 
over rings (G.Zacharias. llOTSl ). monoid rings ( Madlener &: Reinert . 19931: 
Ackermann &: Kreuzeri . l2006l ). free associative algebras ( Eisenbud et aU 1 19981 ). 
etc. This paper deals with some aspects of Grobner bases of polynomial rings 
over commutative Noetherian rings. 

To extend Grobner bases theory for poly nomial r ings oyer a r i ng A , 
various approache s have been proposed (e .g. iTrinksl . Il978l : iMoUerl . Il988l : 
G.Zachariasl . 19781). For a good exposition on Grobner bases over rings one 
can refer to ([Adams &: Loustaunaul . Il994l ). However, these approaches only 
looked at extending basic definitions and co ncepts over rings, an d validity of 



many important results were not explored (JGreuel et alV |20 1 ih . Recently , 



there has been renewed interest in polynomial rings over rings (jGreuel et aU 
I2OIII ) . For insta r ice, c ertain residue class rings over Z[x] called ideal lat- 
tices ( Micciancid . I2OO2I ) have shown to be isomo rphic to integer lattices, an 
important cryptographic primitive ( Aital 119961 ) and certai n cyclic lattices 



in Zj x] have been used in NTRU cryptographic schemes (JHoffstein et al. 
19981 ). Boolean polynomial rings over a bool ean ring have be en used to 



solve Sudoku and other combinatorial puzzles ( Sato et al\ . I2OIII ). Further, 
polynomial rings over Z/2'^ have been used to prove the correctness of data 
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paths in system-on-chip design ([Greuel et am201ll ). Also, the widely used 



degree truncated polynomial rings are actually the quotient rings of the 
form, Z[xi,. . . ,Xn\/{x^^ - 1, • • • ,x^" - 1). 

As mentioned above, ideal lattices are integer lattices that are ideals as 
well in certain residue class polynomial rings over Z. For all ideals in a 
residue class ring to be lattices the ring itself should be isomorphic to an 
integer lattice. In Z[x], the necessary and sufficient condition for the quotient 
ring 7j[x]/{f) to be isomorphic to Z", where / € Z[x] and n is the degree of 
the polynomial, is that / should be a monic polynomial. Ideal lattices in Z[x] 
with an extra condition that / should be an irreducible polynomial, are used 
in cryptography. Finding an approximate shortest vector is hard in these 
algebraic structures maki ng them a good choi ce to build efficient collision- 
resistant hash functions ( Lvubashevskvl . |2008| ). The question we ask here 



is that how to characterize an ideal a C Z[xi, . . . ,Xn] such that all ideals 
in Z[xi, . . . , Xn]/a are isomorphic to integer lattices, i.e. Z[xi, . . . , x„]/o is 
free. In this paper, we study the more general problem of characterizing 
residue class polynomial rings over arbitrary rings as free modules. This 
characterization involves reduced Grobner basis over rings. 

Contributions. One of the recent works in the theory of Grobner bases 
of polynomial rings over rings has been the extension of th e concept o f 
reduced Grobner bases to polynomial rings over arbitra. r y ring s ( Paued . 120071 ) 



and over polynomial rings in partic ular ( Nabeshimal . l2009l ). We use the 



definition of reduced Grobner basis ( Paueii . 120071 ) and a restriction on the 



ideals in the coefficient ring A to define a basis called 'short reduced Grobner 
basis' to arrive at a necessary and sufficient condition for a finitely generated 
A[xi, . . . ,Xn]/a to be free. We then state the Macaulay-Buchberger basis 
theorem for a free ^[xi, . . . , x„]/a which gives a Grobner basis algorithm to 
determine an A-module basis for A[xi, . . . , x„]/a. 

We look at the characterization for two special rings, A = 7L and A = 
[[^1, . . . , Qrn\- In the case oi A = k [0i , . . . , Qrn\ , we loo k at another definition 



of reduced Grobner basis given bv iNabeshimal ( 20091 ) called strong reduced 



Grobner basis and prove the characterization in terms of this definition as 
well. We also show that the short reduced Grobner basis is the same as the 
strong reduced Grobner basis when A = lk[0i, . . . , 9^]- 

An important application of the characterization is that we can directly 
extend the concept of Border bases previously defined for zero-dimensional 
ideals in k[xi, . . . , Xn] to ideals in A[xi, . . . , Xn] which satisfy the conditions 
given in the characterization. 

Organization. The rest of the paper is organized as follows: In Section 
[21 we look at preliminaries relating to Grobner bases over rings and how it 
can be used to obtain the generating set of the associated quotient ring. In 
Section [3l we give a necessary and sufficient condition for the quotient ring 
A[xi, . . . ,Xn]/a to be free. In Section [H we give the Macaulay-Buchberger 
basis theorem for free ^-modules if A[xi, . . . ,Xn]/ci is free along with an 
algorithm to compute an ^-module basis. We study two special cases of A 
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in Section [5l In Section [6l we extend Border bases to A[xi, . . . , x„] directly, 
the characterization enables us to do so. 



2. Background & Preliminaries 

2.1. Notations. Throughout this paper, k denotes a field, A a Noetherian 
commutative ring, N the set of natural numbers and Z the ring of inte- 
gers. A polynomial ring in indeterminates xi,. . . ,Xn over A is denoted as 
A[xi, . . . ,Xn]{= A[X]). When A = k[9i, . . . ,6^], we represent the coeffi- 
cient ring as A[Q] and the polynomial ring as ^[0][X]. We represent a 
monomial in xi,...,x„ as x" where a G ^>o- The monoid isomorphism 
between the set of all monomials in indeterminates xi, . . . ,x„ and Z"q al- 
lows us to denote the set of all monomials as Z>o- We assume that there 
is a monomial order -< on the monomials in the indeterminates xi, . . . ,Xn- 
With respect to this monomial order, we have the leading monomial (lm_^), 
leading coefficient (lc_<), leading term (lt_<) and degree of a polynomial 
(deg^), where lt^{f) = lc^(/)lm^(/) and deg^(/) = deg_.(lm^(/)) in 
74[xi, . . . ,Xn]- With this notation, the leading term ideal (or initial ideal) 
of a set 5 C A[xi, . . . ,x„], is (lt^(5)) = ({h^(/) \ f £ S}). When there 
is no confusion regarding which monomial order to consider we omit the 
monomial order subscript -< from the notations. 



2.2. Grobner Bases Over Rings. We give below certain important re- 
sults in the theory of Gr obner bases for polynomial r ings over A. We follow 
the exposition given in ( Adams &: Loustaunaul . ll994l ). 



Definition 2.1. Given any two polynomials f and h and a set of non-zero 

polynomials F = {/i, . . . , fg} in A[xi, . . . ,x„], we say that f reduces to h 

p 
modulo F in one step denoted by f — > h, if and only if 

h = f-{cix"'fl + ---+CsX^'fs) 

for ci, . . .Cs (z A and monomials x"^ , . . . ,x"'' where lm(/) = x"*lm(/j) for 
all i such that q 7^ and 

lt(/) = cix°4t(/i) + • • • + C3x"nt(/,). 

In the above definition, it can be seen that the concept of reduction is 
slightly different in rings. We will iterate the reduction process and when 
the reduction cannot be carried on further, the polynomial obtained at the 
termination is said to be minimal with respect to F. 

The two conditions that A needs to have in order to compute Grobner basis 
for ideals over A are given below. 

Definition 2.2. A set of linear equations over a ring A is said to be solvable 

in A if 

(i) Given a,ai, . . . ,0^ € A, there is an algorithm to determine whether 
a E {ai, . . . ,am)A o,nd if it is, to compute bi,...,bm € A such that a = 
aibi -\ h Ombm; 
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(ii) Given ai,...,am G ^, there is an algorithm that computes a set of 
generators for the A-module, 

Syz^(ai, ■ ■ ■ , am) = {(^i, . . . , 6m) G A'^\aihi -\ h amhm = 0}. 

Examples of such rings include Z, Z^ etc. In this paper, we assume that 
any system of linear equations is solvable in A. We can state the multivariate 
division algorithm over the ring A as follows. 



Theorem 2.3 ( (JAdams fc Loustaunaul . ll994l )). Let f,fi,...,fs G A[xi, ... 



) ^n I 



with fi, . . . , fs 7^ and the set F = {/i, . . . , fs}. Then there is an r G 

A[xi, . . . , Xn], minimal with respect to F, such that f — > r. Moreover, there 
are hi, . . . ,hs € A[xi, . . . , Xn] such that 

f = hifi + --- + hjs+r 
with 

lm(/) = max((max lm(/ij)lm(/j)),lm(r)). 

l<j<s 

If linear equations are solvable in A, then hi, . . . ,hs,r are computable. 

Now we give the definition of Grobner bases over a ring, A. 

Definition 2.4. Let a be an ideal in A[xi, . . . , x„] and G = {gi, . . . , gt} be 
a set of non-zero polynomials in a. G is called a Grobner basis of an ideal a 
in A[xi, . . . ,Xn] iff the ideal given by the leading terms of polynomials in a 
is itself generated by the leading terms of the basis G, i.e. (lt(G)) = (lt(a)). 

Theorem 2.5 ( (JAdams fc Loustaunaul . ll994l )). Let a be an ideal ofA[xi, . . . , x„] 



and let G = {gi, . . . ,gt} be a set of non-zero polynomials in a. Then the 
following are equivalent, 
(i) G is a Grobner basis. 

(ii) For any polynomial f £ A[xi, . . . , x„] we have 

G 
/ € a i/ and only if f — >j^ 0. 

(Hi) For all f £ a, f = higi + • • • + htgt for some polynomials hi, . . . ,ht G 

A[xi, . . . ,Xn] such that lm(/) = max(lm(/ij)lm(5j)). 

l<i<t 



We have the following corollaries that follow easily from the above theo- 
rem. 

Corollary 2.6. If G is a Grobner basis for the ideal a in A[xi, . . . , Xn], then 
a={G). 

Corollary 2.7. If G is a Grobner basis and f G (G) and f — >^ r, where r 
is minimal, then r = 0. 

Corollary 2.8. Let a C A[xi, . . . ,Xn] be a non-zero ideal. Then a has a 
finite Grobner basis. 

Now we state the Buchberger criterion for rings. The theorem statement 
is the same for rings and fields, but in the case of rings, the syzygy modules 
are submodules of (^[xi, . . . , Xn])^- The proof parallels exactly the proof in 
the case of fields. 
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Theorem 2.9 ( (j Adams fc Loustaunaul . Il994l )). Let G = {gi, ■ ■ ■ ,gt} be 



a 



set of non-zero polynomials in A[xi, . . . ,Xn]- Let B be a homogeneous set for 
Syz(lt(5i), . . . ,\t{gt)). Then G is a Grobner basis for the ideal {gi, . . . ,gt) 
if and only if for all (hi, . . . , hf) E B,we have 

G 
higi H h htgt -^+ 0. 

Definition 2.10. For any subset J C {1, . . . , s}, let x"' = lcm(x"-' : j & J). 
We say that J is saturated with respect to x"^ , • • • , x"" , provided that for all 
j £ {1, . . . , s}, if x"^ I x"-^, then j £ J. 

The below theorem gives a construction for a homogeneous generating set 

for Syz(cix"i , . . . , c^x"" ) . 

Theorem 2.11 ( () Adams fc Loustaunaul . 1 19941 )). For each set J C {1, ... , s}, 



which is saturated with respect to x"i , . . . , x"'" , let Bj = {6ij, . . . , b^jj} be a 
generating set for the A-module of syzygies Syz^{cj\j G J). (Each b^j is in 
the A-module A}^). For each such b^j, denote its j th coordinate by b^.p-''. 
Set 

Svj = ^b^j^^^—e^, 

where s^j is an element in A[xi, . . . , XnY . Then the set of vectors s^j, for J 
ranging over all such saturated subsets of {1, . . . ,s} and \ < f < vj, forms 
a homogeneous generating set for the syzygy module Syz(cix'^i, . . . , c^x""). 

The set of vectors {s^j} play the same role in rings as S'-polynomials do 
over fields. 

2.3. Coset Representatives of A[xi, . . . ,x„]/a. We say that the ring A 
has 'effective coset representatives' if for any ideal / in A, we can determine 
a complete set G of coset representatives of A/L and we have a procedure 
to find, for all a £ A, an element c £ C such that a = c mod /. Such 
rings include Z and the finite rings TLjn'L. Consider a Grobner basis G = 
{(7i, . . . .gt\ for the ideal a. With respect to the set {lt(5fi), . . . ,lt(5ft)}, we 
consider the saturated subsets J C {!,..., t}. Then for each saturated 
subset J C {1, . . . , t}, we let /j denote the ideal of A generated by {1c(5j) : 
i G J} (if J = then Lj = {0}). Let C,j denote a complete set of coset 
representatives for A/Lj. Also, for each monomial x"^, let Jx<^ = {i : \va.{gi) \ 
x°}. 

Definition 2.12. We call a polynomial r G A[xi,...,x„] totally reduced 
if for every monomial x", if cx°' is the corresponding term of r, then c G 
Cj^a ■ For a given polynomial f G ^[xi, . . . ,x„], we call a polynomial r G 
A[xi, . . . ,Xn] a normal form for f provided that f = r (mod I) and r is 
totally reduced. 

The normal form depends not only on G but also on the choices of the 
sets of coset representatives Gj for the set of saturated subsets J. The 
following theorem gives us the complete set of coset representatives for 

A[xi,...,Xn]/a. 
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Theorem 2.13 (( Adams Sz Loustaunaul . Il994l )). Let G be a Grobner basis 



for the non-zero ideal a of A[xi, . . . ,Xn]- Assume that for each saturated 
subset J C {1, . . . ,t}, Gj is a complete set of coset representatives for the 
ideal Ij. Every f G A[xi,...,x„] has a unique normal form, where the 
uniqueness is upto Cj, J C {1, . . . ,t}. 

We will illustrate the above method with the following example. 

Example 2.14. Consider the ideal a in Z[x, y] with {/i, /2, /s, f^, /s} as its 
Grobner basis where f\ = Axy+x, /2 = 3x^+y, /s = 5x, f^ = ^y'^+y, /s = 5y. 
For any monomial, x" ^ {l,x,y}, Ij^^ = TL and therefore Gj^^ = {0}. For 
1, we have Ij^ = {0} and Gj^ = Z. For x, we have Ij^ = (5) and Gj^ = Z5. 
For y, we have Ij^ = (5) and Gj^ = Z5. Therefore the complete set of coset 
representatives is the set of {a + bx + cy \ a S Z, 6 G Z5, c G Z5}. 

2.4. Standard Monomials and Macaulay-Buchberger Basis Theo- 
rem in Ik[xi, . . . ,Xn]- Here, we recall some definitions and the Macaulay- 
Buchberger Basis theorem. 

Definition 2.15. Let a Q k[xi, . . . , x„] be an ideal. We call a monomial x" 
in Ik[xi, . . . ,Xn], a standard monomial w.r.t. a if none of the leading terms 
of the ideal divide the monomial, i.e. x" ^ (lt(a)). 

Corollary 2.16. Let G be a Grobner basis for an ideal a C lk[xi, . . . , x„] . A 
monomial, x" is a standard monomial w.r.t. a if and only if x"' ^ (lt(G)). 

Theorem 2.17 (Macaulay Basis Theorem ( Kreuzer Sz Robbiand . I2OOC1 )). 



Let a be an ideal in k[xi, . . . ,x„]. The residue classes of the terms in 
k[xi, . . . ,Xn]/(lt(o)) form a k-vector space basis 0/ lk[xi, . . . ,x„]/(a). That 
is, thek-vector space basis of k[xi, ... ,Xn]/ {a) is S = {x'^ + a : x" ^ (lt(a))}. 

The theory of Grobner bases gives us an algorithmic method to determine 
the k-vector space basis of k[xi, . . . , x„]/(o). Therefore, the Macaulay Basis 
theorem can be stated in the following manner as well and we refer to it as 
the Macaulay-Buchberger Basis Theorem in k[xi, . . . , x„]. 

Theorem 2.18 (Macaulay-Buchberger Basis Theorem ( Buchberged . Il965l ) ) . 



Let G = {gi, . . . ,gt} be a Grobner basis for an ideal a C k[xi, . . . ,Xn]. A 
basis for the vector space k[xi, . . . , x„]/(a) is given by S = {x" + a : lioii{gi) f 
x^,i = l,...,t}. 

3. Characterization of finitely generated A[xi, . . . ,x„]/a as a 

FREE A - MODULE 

One can extend the definition of reduced Grobner basis in the case of poly- 
nomial rings over fields directly to rings but defined that way a reduced 
Grobner basis may not always exist (Arnold, 2003). A definition of reduced 



Grobner basis over rings is given bv iPaued (|2007l ). and it ensures the exis- 



tence of a reduced Grobner basis for any ideal in a polynomial ring over the 
ring A. Henceforth, reduced Grobner basis refers to Pauer's definition of 
reduced Grobner basis unless otherwise stated. Before we proceed further 
we give a brief account of this concept. 
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3.1. Reduced Grobner Bases over Rings ( Pauerl . 120071 ). We intro- 



duce the following notations and definitions. For any ideal / in A, Gen(/) 
denotes a finite system of generators of /, and for any ideal I in A and any 
coset z + I C A, r]{z, I) denotes a mapping such that r]{z, I) G z + I and 
r?(0,/)=0. 

Example 3.1. Let A = TL. Let L he an ideal generated by ai, . . . , am and 
a = gcd(ai, . . . ,am)- Let z & Z. Then we can choose Gen(I) = {a} and 
r]{z,L) = zmoda. 

Let a be an ideal in ^[xi, . . . ,Xn] and a £ N". Let G be a Grobner 
basis for a and let lm(G) denote the set of leading monomials in G. We 
represent the leading coefficient ideal of all polynomials in a of degree a as 
(lc(a,o)), i.e. (lc(a, a)) = (lc(/) : / G a, deg(/) = a). Similarly, the leading 
coefficient ideal of all polynomials in a such that the leading monomial of the 
polynomials divide x" is denoted as (lc(< a, a)). We have (lc(< a, a)) := 
(lc(/) : / G 0, a G deg(/) + N"", a / deg(/)). We use Gen(a, a) to represent 
the set of all non-zero 77(0, (lc(< a, a))), where a belongs to the set of all 
generators of (lc(a, 0)). We give below the formal definition of Gen(a, a). 

Definition 3.2. Let a be an ideal in A[xi, . . . ,x„] and a G N". Let G he 
a Grobner basis for a and let lm(G) denote the set of leading monomials in 
G. Let (lc(a,a)) be the leading coefficient ideal of all polynomials in a of 
degree a and (lc(< a, a)) be the leading coefficient ideal of all polynomials 
in a such that the leading monomial of the polynomials divide x" . For each 
x" G lm(G) we have, 

Gen(a, 0) = {r]{a, (lc(< a, a))) : a G Gen((lc(a, 0)))} \ {0}, 

where r]{a, (lc(< a, a))) maps to an element in the coset a+ (lc(< a, a)). 

We proceed now to Pauer's definition of reduced Grobner basis over rings. 
Definition 3.3 ( (jPauerl . 120071 )). A Grobner basis G of a CI A[xi, . . . ,x 



IS 



a reduced Grobner basis w.r.t. a monomial order -< iff 
(i) for all a G Z"q such that x" G lm(G), the map 

{g eG : deg{g) = a} — > Gen(a, a) 

9 I — > Ha) 

is bijective and 
(a) for all g '■= Yl ^13,9^^ ^ ^ '^'^^ ^^^ a G N" with a 7^ deg(5f) and 

Ca,g ^0 we have Ca,g = ■nica,g, (lc(a, a))). 



Theorem 3.4 ((PauerJ, 120071 )). There exists a reduced Grobner basis for 



every ideal a C A[xi, . . . ,x„]. 

It can be seen that different choices of the generators for the leading coef- 
ficient ideal of each leading monomial in G, Gen((lc(a, 0))), lead to different 
Gen(a, a), which in turn lead to different reduced Grobner bases. Once we 
fix Gen(a, a) for all x°' G lm(G), the reduced Grobner basis G is unique. 
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Theorem 3.5 ((PaueiJ, 120071 )). The reduced Grobner basis G for an ideal 



a C A[xi, . . . , Xn] is unique upto Gen(a, a) for all x°' G lm(G). 

Later in this paper, we show that the minimality of the generating set, 
Gen(Q;, a) for each leading monomial x" in G is necessary for characterizing 
a finitely generated A[xi, . . . ^Xr^/a as a free A-module. We call such a 
reduced Grobner basis as 'short reduced Grobner basis'. 

Example 3.6. Consider the ideal a for which a Grobner basis, G = {3x^, 5x'^,y}. 
Let us calculate a short reduced Grobner basis. For the leading monomial 
x^ , Gen((2,0),o) = {gcd(3, 5)} = {1} is the minimal generating set. For 
the leading monomial y, Gen((0, 1), a) = {1} is the minimal generating set. 
The short reduced Grobner basis for the ideal is therefore G = {x'^,y}. 
Now for the same ideal a, let us assume that Gen((lc(a, o))) is taken as 
the same set of generators given in the basis and not their gcd. There- 
fore, for the leading monomial x'^, Gen((2, 0), a) = {3, 5} and for the leading 
monomial y, Gen((0, l),a) = {1}. For each degree a € {(2,0), (0, 1)}, if 
we look at the map between {g & G : deg(g') = a} and Gen(a, a) given 
by each element g mapping to its leading coefficient, it is a bijective map. 
Therefore G = {3x^,5x^,2/} is a reduced Grobner basis w.r.t. this definition 
o/ Gen((lc(a, a))). Thus, Gen(a, a) is a factor that determines the reduced 
Grobner basis. 

3.2. Characterization. Consider / G ^[xi, . . . ,x„]. Given a Grobner ba- 
sis G = {gi : i = 1, . . . ,t} for an ideal o, / has a unique normal form w.r.t. o. 
Recall that, J^^ = {i : lm(5fj) | x°',gi G G} and /j^„ = {{lc{gi) : i € Jx'^}). 
Consider A/Ij^^ ■ Let Gj^^a represent the set of coset representatives of 
the equivalence classes in A/Ij^^ . We can easily compute the normal form 

m 

of /, i.e. f = Yl CiX°^ mod a, where Cj G Cj a^- If ^[2:1, . . . , x„]/a is a 

finitely generated A- module of size m, then we can then define a mapping, 
(/) between a finitely generated A[xi, . . . , x„]/a and A/Ij^^^^ x • • • x A/Ij^^^ 
given as. 



x"m 



4) : A[xi, ..., x„]/a — > ^Ih^c^ x • • • x A/Ij, 

m 
^ CjX°" +01 > (Ci, ■ ■ ■ ,Cm) 



It is a surjective mapping by construction. Consider the case when Ij a. = 
{0},Vi G {!,..., m}. We then have Cj^^^ = A \/i G {l,...,m}. " The 
mapping cp in that case is an isomorphism which implies 74[xi, . . . , x„]/a = 
A^, i.e. it is a free A-module. Note that every basis of a finitely generated 
free A-module is finite. 

We give below the definition of standard monomials in ^[xi, . . . , x„]. 

Definition 3.7. Let a C 74[xi, . . . ,x„] be an ideal. We call a monomial x" 
in ^[xi, . . . ,x„], a standard monomial w.r.t. a if none of the leading terms 
of the ideal divide the monomial, i.e. x" ^ (lt(a)). 
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We present below two results that give a necessary and sufficient condition 
for a finitely generated A[xi, . . . , Xn]/a to be a free 74-module. 

Theorem 3.8. Let a Q A[xi, . . . ,Xn] be a non-zero ideal. Let G he a 
Grobner basis for a w.r.t. some monomial ordering. If G is monic then 
A[xi,... ,Xn]/a is free. 

Proof. Let G = {gi : i = 1, . . . ,t} he a monic Grobner basis of the ideal. 

For a monomial x", J^^a = {i : (^^ £ G,lm{gi) \ x"}. For a monomial 
x" such that lin{gi) f x", for all gi € G, we have J^a = (p. Therefore, the 
leading coefficient ideal corresponding to those x"s, Ij^^ is {0} and the set 
of coset representatives Cj^a for A/Ij^^ is the entire ring, A. 

For a monomial x" such that for some gi, \in(gi) \ x", we have Jx^ 7^ (p. 
Since all the gi £ G are monic, /j^„ = {!}, and therefore the set of coset 
representatives consist of only 0. 

The only monomials that are part of the generating set therefore are 
monomials x" such that lin(gi) \ x", for all gi £ G. Let S = {x" + : 
lm.{gi) f x°',ygi G G}. Let S' be any subset of S. Consider, 



>: 


6j(x°^+a) = 0, 6jGA 


bj + 0. 


x"j+og5' 






This impHes, 


Y^ 6jx°^ +0 = 0. 




Therefore we have. 


x^i+aeS' 





But that means lt(5fj) | x"^ for some j and for some gi € G, which is a con- 
tradiction. Therefore, 5 is a basis for ^[xi, . . . , Xn]/ [G). Thus the ^-module 

74[xi, . . . ,x„]/a is free. D 

Note that in the above theorem ^[xi, . . . , x„]/a need not be finitely gen- 
erated. If A[xi, . . . , Xn]/o is finitely generated and the Grobner basis of a is 
monic, then there exists a iV G N such that A[xi, . . . , x„]/a = A . 

For the sufficient condition we need the concept of short reduced Grobner 
basis (which was mentioned earlier) that we formally state here. 

Definition 3.9. Let C ^[xi, . . . , x„] he an ideal. A reduced Grobner basis 
G of a is called a short reduced Grobner basis if for each x° € lm(G), the 
generating set for its leading coefficient ideal, Gen(a;, a) is minimal. 

Theorem 3.10. Let a C A[xi, . . . , x„] be a non-zero ideal such that A[xi, . . . , x„]/a 
is a finitely generated A-module and let G be a short reduced Grobner basis 
for a. If A[xi, . . . ,x„]/a is free, then G is monic. 

Proof. Let G = {gi : i = 1, . . . , t} be a short reduced Grobner basis of the 
ideal. 

For a monomial x", we have J^^q = {i '■ gi £ G,\Bi{gi) \ x"}. For a 
monomial x" such that \ra{gi) \ x", for all gi € G, we have Jx<^ = (p. This 
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means that the leading coefficient ideal, Ij,^^ = {0} and the set of coset 
representatives for A/Ij^^ , Cj^^i is the entire ring, A. 

For a monomial x" such that some lm(5j) | x", we have J^q 7^ (/>. We 
have, Ij^a = {^c{gi) : i € Jx°')- Since A[xi, . . . ,Xn]/{G) is free, there are 
only two possibilities for the set of coset representatives in the coefficient 
ring A, either Cj^a = ^ or Cj^a = {0}. Since we have Jx'^ 7^ 4>, this means 
that /j^Q 7^ {0} and that rules out the possibility of Cj^^ = A. So the only 
possibility that remains is Cj^^^ = {0}. That means /j^^ is equal to (1). 

Suppose the short reduced Grobner basis G is not monic. Let g & G such 
that g is not monic and lin.(gj) \ Im(g'), for all gj € G, such that Im(g') 7^ 
lm.{gj). This is assured since if there is a gj € G such that lm(5j) | lni{g) 
then either lc{gj) = 1 or \c{gj) 7^ 1. If lc{gj) = 1 then g can be removed from 
the reduced basis which contradicts the uniqueness of the reduced Grobner 
basis. If gj is not monic then we can take g = gj. 

Let lm((7) = r. We have, Ij^ = (1) since j4[xi, . . . ,x„]/o is free. This 
means that {lc{gi) ■ gi (z G,gi \ r) = (1). By our choice of ^f the ideal consists 
of only the leading coefficients of those generators gi such that lm{gi) = r. 
Thus we have the leading coefficient ideal of generators with the same degree 
as g, (lc(deg((7), 0)) = (1). The minimal generating set for {lc{deg{g) , a)) , 
Gen((lc(deg(g'), 0))) = {1} which implies Gen(deg(5), a) = {!}, as any other 
set of elements from A that generate {1} will be of size > 1 and therefore 
not be minimal. To construct the short reduced Grobner basis we assumed 
that Gen(a, a) is a minimal generating set. Therefore Gen(deg(5f), a) = {1} 
and 5 is a monic polynomial, which contradicts the fact that the basis G is 
not monic. D 

Now we state the characterization result as follows. 

Proposition 3.11. Let a Q A[xi, . . . ,Xn] be a non-zero ideal such that 
A[xi, . . . , Xn]/a is finitely generated. Let G be a short reduced Grobner basis 
for a w.r.t. some monomial ordering. Then, 

A[xi,...,Xn]/a^A^, for some NeN 

if and only if G is monic. 

The necessity of minimality of Gen(a, 0) for the characterization can be 
illustrated by the following example. 

Example 3.12. Consider Example \3.6[ We have a C Z[x,y] given by its 
Grobner basis, G = {3x^,5x^,y}. The Grobner basis G = {3x'^,5x^,y} is 
a reduced Grobner basis for the ideal when we select the generators for the 
leading coefficient ideal for each leading monomial in G, Gen((lc(a, 0))) as 
the same set given in the example. It is not a monic basis. But one can see 
that Z[x,y]/{G) is free. A short reduced Grobner basis for the same ideal a, 
determined by considering the gcd of the generators of the leading coefficient 
ideal of each monomial in G, is {x^,y}. The generating set Gen(a,a) is 
minimal when the gcd of the generators is considered. The short reduced 
Grobner basis is monic and leads us to the correct conclusion that Z[x, y]/{G) 
is free. 
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4. Macaulay-Buchberger Basis Theorem Over Rings 

The Macaulay Basis Theorem can be extended directly from fields to rings, 
i.e. S = {x" + a : x" is a standard monomial, i.e. x" ^ (lt(a))} is a A- 
module basis for A[xi, . . . , Xn]/a if ^[xi, . . . , Xn]/a. is free. We extend below 
the Macaulay-Buchberger Basis Theorem over rings. It gives an algorithmic 
method to compute the ^-module basis for A[xi, . . . , x„]/a if ^[xi, . . . , Xn]/a. 
is free. 

Theorem 4.1 (Macaulay-Buchberger Basis Theorem Over Rings). Let G = 
{gi, . . . ,gt} be a short reduced Grohner basis for an ideal a C A[xi, . . . ,x„]. 
Suppose G is monic then a A-module basis for A[xi, . . . , x„]/(a) is given by 
5={x" + o:lm(r7,)tx",i = l,...,t}. 

Proof. From the characterization result we have that j4[xi, . . . , x„]/a is free 
if and only if the short reduced Grobner basis for a is monic. The proof is 
along the same lines as Theorem 13.81 D 

In the above theorem the necessity for G to be a short reduced Grobner 
basis can be explained as follows. Unlike in the case of fields, for any Grobner 
basis G in j4[xi, . . . ,x„] and any x" G ^>0) ^" ^ (It(ci)) does not imply 
lt{gi) I x'^, for some gi € G. If G is the short reduced Grobner basis and 
A[xi, . . . , Xn]/{a) is free then each g^ G G is monic. We then have x" G (It(ci)) 
if and only if lt{gi) \ x", for some gi € G. 

This is explained in the following example. 

Example 4.2. Consider an ideal a C Z[x, y] generated by the Grobner basis, 
G = {Sx'^, 5x^,y}. It can be seen that 3x^ cannot be reduced further by 
{5x^,y}. Similarly, 5x^ is minimal w.r.t. the set {3x^,y} and y is minimal 
w.r.t. {3x^,5x^}. Therefore G is a minimal Grobner basis. Consider the 
monomial x^ . It is in the ideal, (lt(o)) since x^ = (2)(5)x^ — (3)(3)x^. But 
none of the leading terms divide x"^ , bx"^ \ x^ , 3x^ \ x^ and y \ x^ . Now 
consider a short reduced Grobner basis of the ideal, {x^,y}. A 'L-module 
basis of Z[x,y]/a is the set of residue classes of {x° : x^ | x",y f x"} = 
{1 -F 0, X + a}. 

In the zero-dimensional case, Grobner basis generalizes the notion of 
Gaussian elimination by generating a maximum possible triangu lar system of 



polyn omial equations over a field (Theorem 2.2.7 in (JAdams Sz Loustaunaul . 



19941 )). We can extend this result to the case of polynomials over rings too 



as shown below. 

Theorem 4.3. Let a be an ideal in ^[xi, . . . , Xn] and let G = {gi, . . . , gt} 
be a monic short reduced Grobner basis for a. We have from the characteri- 
zation that A[xi, . . . , x„]/a is free. The following statements are equivalent. 

(i) For each i = 1, . . . ,n, there exists j G {1, . . . , t} such that lm((7j) = x^ 

for some i^ € N. 
(ii) The rank of the free A-module, ^[xi, . . . , x„]/a is finite. 
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Proof. (i)^=> (ii)- The short reduced Grobner basis of the ideal a is monic 
impUes that the j4-module A[xi, . . . , x„]/o is free and the basis is the set of 
cosets of monomials such that none of the leading monomials of the Grobner 
basis divide the monomial. Since for every i = l,...,n, there exists j € 
{l,...,t} such that lm((7j) = x^ for some i^ E N, there are only finitely 
many power products which are reduced w.r.t. G and hence the dimension 
of the free ^-module is finite. 

(ii)^=^ (i). We have that the rank of the free A-module A[xi, . . . ,x„]/a 
is finite. Assume for some i G {1, . . . ,n} there is no j G {1, ■ ■ ■ ,t} such 
that lm{gj) = x^ for some z^ € N. Then the powers of Xj, l,Xi,x'^, . . . 
are linearly independent and therefore contradicts the finite rank of the A- 
module, A[xi, . . . ,a;„]/o. D 

Our characterization (Proposition 13. lip and the Macaulay-Buchberger 
basis theorem (Theorem 14. ip give rise to an algorithm (Algorithm 1) to 
compute a ^-module basis of a free residue class ring, A[xi, . . . , Xn]/a, when 
it is finitely generated. The correctness of the algorithm directly follows from 
the characterization of a free A[xi, . . . , Xn]/a and the Macaulay-Buchberger 
basis theorem. The termination of the algorithm is ensured since we have 
a finitely generated, free ^-module, A[xi, . . . ,Xn]/a which implies it has a 
finite basis. 

Algorithm 1 Finding the A-module basis of finitely generated residue class 
polynomial rings over rings 

Input A[xi,. . . ,Xn]/a, 

G = {(7i, . . . , (7j}, a short reduced Grobner basis of o, 

5 C A[xi,...,x„]/a, 

M C Z^Q. 

Output S = A-module basis of A[xi, . . . , x„]/a. 

if G is not monic then 

A-module basis for A[xi, . . . , x„]/a does not exist. 
else 

while Z|o \ M / do 

for each monomial x° G Z" q \ M 

if \xa.{gi) I x" for some i € {1, . . . , t} then 

M = M U {x'^ G Z^o : x" | x^} 
else 

5 = 5 U {x° + o} 
M = MU{x"} 
end if 
end while 
end if 
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5. Special cases, A = 'L and A = Ik[6'i, . . . ,9m] 

Now we look at two special cases A = 'L and A = Wfii, . . . , 9m]- In the case 
of A = Z we make use of the fact that the ring is a PID in the proof and 
in the case of A = k[9i, . . . , 9m] we rely on the existe nce of a unique st rong 
reduced Grobner basis for any ideal mk[9i, . . . , 9m] ( Nabeshimal . l2009l ). 



5.1. Special case : A = Z. For general rings, we arrived at the conclusion 
that if a finitely generated ^-module A[xi . . . ,Xn]/a is free then its short 
reduced Grobner basis G is monic, by finding a contradiction to the mini- 
mality of the generating set. But here we argue that if the reduced Grobner 
basis is not monic then there exists some g such that (lc(deg(5), a)) = (c), 
where c G Z and c 7^ 1. But this means that the set of coset representatives 
for the monomial lm(g), CJ^, can never be zero. This is a contradiction 
to our assumption that Z[xi . . . , x„]/o = Z^. 

An example which illustrates the characterization is the case when the 
ideal in Z[xi, . . . ,rc„] is a lattice ideal. A lattice ideal, ac in lk[xi, . . . ,x„] 
is defined as the binomial ideal generated by {x^ — x^ } where v~^ and 
v~ are non-negative with disjoint support and v~^ — v~ G C, where C is 
a lattice. Lattice ideals in polynomial rings over Z can be defined in the 
same way. In this case, the binomial ideal is generated over the polynomial 
ring, Z[xi, . . . , Xn]- The generators of the ideal are binomials with the terms 
having opposite sign and the coefficients of both the terms equal to absolute 
value 1. When we compute the Grobner basis of the ideal, at every stage 
of the computation - S-polynomial calculation and reduction - we add gen- 
erators that are binomials with terms having opposite sign and coefficients 
of absolute value 1. Therefore the Grobner basis is monic which implies 
that the short reduced Grobner basis of the ideal is also monic. From the 
characterization we have that the quotient ring Z[xi, . . . , Xn]/cic is free. We 
will now formally state the result. 

Theorem 5.1. The quotient ring Z[xi, . . . ,x„]/o£, where 0£ is a lattice 
ideal in Z[xi, . . . , x„], is free. 

Another application of the characterization is that we can identify ideals 
in Z[xi, . . . ,Xn] for which all the ideals in the corresponding residue class 
polynomial rings are integer lattices, i.e. all ideals are ideal lattices. We 
formally state that below. 

Theorem 5.2. Let a C Z[xi, . . . , Xn] be an ideal. All ideals in Z[xi, . . . , x„]/a 
are integer lattices if and only if the short reduced Grobner basis of a is 
monic. 

5.2. Special case : A = k[9i, . . . ,9m]- We now consider the next special 
case where the coefficient ring is itself a polynomial ring over the field k, 
k[9i, . . . ,9m]. W e consider here th e definition of strong reduced Grobner 
basis defined in ( Nabeshimal . |2009J) and give an alternate characterization 



for this defi n ition as well. The strong reduced Grobner basis defined in 
( Nabeshimal . l2009l ) is specific to polynomial rings over polynomial rings. 
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For ease of notation, we denote the indeterminates 9i,...,9m as Q and 
Definition 5.3 (Strong Reduced Grobner Basis ( Nabeshimal . |2009|)). Let 



-<x,e'-= (^1)^2) be a block ordering, a an ideal in Ik[B][X] and G a subset 
ofk[e][X]. For e G Imx(G), let Ge = {f £ G \ lmx(/) = e}. Then a strong 
reduced Grobner basis G for a w.r.t. to ^i and -<2 is a Grobner basis for a 
in h[Q][X] such that for all p £ G, 

(i) no term in p lies in (lt(G\{p})) inIk[0,X] w.r.t. -<x,Q, 
(a) no term, in p lies in {ltx{G\{p})) in Ik[0][X] w.r.t. -<i, 
(Hi) for e € liQx{G), lcx{Ge) is the reduced Grobner basis for an ideal 
generated by itself w.r.t. -<2 in the quotient ring lk[0]/^e where Ze is 
an ideal generated by £, = {\cxig) \ g S G\Ge such that \Ta.{g) \ e}. 

We give below the necessary and sufficient condition for a finitely gener- 
ated lk[0] [^]/a to be a free lk[©]-module, in terms of strong reduced Grobner 
basis. 

Theorem 5.4. Let a C k[0][X] be a non-zero ideal such that k[Q][X]/a is 
finitely generated. Let -<x,e-= (^ii ^2) be a block ordering and let G be the 
strong reduced Grobner basis for a w.r.t. ^1 and -<2 • Then, 

k[e][X]/a^Ik[G]^, NgN 

if and only if G is monic. 

Proof. The proof for if G = {gi : i = 1, . . . ,t} is a monic Grobner basis of 
the ideal, a w.r.t. ^1 and -<2 then lk[0][X]/a is free is same as Theorem 
ESI with A = k[e]. The set, 5 = {x" + a : lni{g,) f x",V5, E G} forms 
the A-module basis. Note that in the proof, Ik[G][X]/a need not be finitely 
generated. If lk[0][X]/o is finitely generated, then there exists a A^ € N such 
that k[e][X]/o^k[G]^. 

Conversely, let a C k[9][X] be an ideal such that k[6][X]/a is a finitely 
generated k[0]-module and let G be the strong reduced Grobner basis for a. 
Assume k[0][X]/o is free, we have to prove that G is monic. In Definition 
l5.3l of strong reduced Grobner basis, consider the third condition. We have, 
for any monomial x" in the strong reduced Grobner basis, IcxiGxi^) is the 
reduced Grobner basis in the ring k[0]/^2^a. Suppose the strong reduced 
Grobner basis G is not monic. Then, there exists a g € G such that g is not 
monic w.r.t. ^1 and \ui(gj) f lm{g), for all gj G G, such that Im(gfj) 7^ lm.(g). 
Let liRxig) = I". Since g is not monic, (IcxiGr)) 7^ 1 in k[0]/X. But 
k[e][X]/{G) ^ k[e]^, N en, implies that Ij^ = (1). This means (lcx(5») : 
gi G G,lm(5,) | r) = (1). But (Icxigi) ■ gi G GM{gi) I r) = (lcx(G^)) +Zv 
We have {\cx{Gr))+Zr = (!)• This means {\cx{Gr)) = (1) in k[G]/5r which 
contradicts the fact that G is not monic. Therefore G is a monic basis. D 

Example 5.5. Consider the ring k[a\[x\. We have a Grobner basis G = 
{/i; /2} where /i = a^x — a, f2 = (a^ — 1)2; — a^ + 1. The set of all leading 
monomials in G is {x}. We have Gx = {/i,/2} cLnd lctx\{Gx) = {a'^,a^ — 
1}}. Since there are no other monomials other than x we have £, = (j), which 
implies k[a]/2x = k[a]. So now as per the third condition in the definition we 
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have that lc^x}{Gx) should be a reduced Grobner basis in k[a]. The reduced 
Grobner basis o/{a^, a^ — 1} = {1}. Therefore, we compute a new polynomial 
g such that {g) = {G), {lm^xy{g)) = (lm{^}(G)) and lc{^.}(g) = {1}. This 
g = a.fi — f2 = X — 1. Thus {g} is the strong reduced Grobner basis and it 
is monic. This implies k[a][x]/{G) is a free k[a]~module. 

Now, we proceed to study how strong reduced Grobner bases is related 
to short reduced Grobner bases. Let -<x,e-= (^i, ^2) be a block ordering 
and an ideal in lk[0][X] . For each x" G a, we can construct a minimal 
generating set for Gen(a, a) by taking the reduced Grobner basis w.r.t. ^2 
as the set of generators for any ideal / in Ik[G] and for any polynomial 
h G k[Q], by considering the mapping r]{h, I) as the normal form of h w.r.t. 
/ and -<2- The corresponding Pauer's reduced Grobner basis is the short 
reduced Grobner basis. One can see from the below result that short reduced 
Grobner basis is also the strong reduced Grobner basis. 

Proposition 5.6. Let -<x,e-= i^i, ^2) be a block ordering and a C lk[0][X] 
be an ideal. Let G be the short reduced Grobner basis of a constructed by 
taking the reduced Grobner basis w.r.t. ■<2 o,s the set of generators for any 
ideal I in k[0] and for any polynomial h G Ik[G], by considering the mapping 
rj(h,I) as the normal form of h w.r.t. I and -<2. Then G is the strong 
reduced Grobner basis. 

Proof. We have to prove that the short reduced Grobner basis of 0, G = 
{gi : i = 1, . . . ,t} satisfies that the three conditions mentioned in Definition 
[Ql 



(i) Suppose a term in p G G lies in (lt(G\{p})) in Ik[0,X] w.r.t. ^x,e- 
Let that term be a9^x°', where a G k, ^^ is a monomial in 9i, . . . , 9m, 
13 G Z™o and a G Z^g. The coefficient of the term, aO^x'' in k[Q][X] 
is a9P~ We have, ^"^ G (lcx(lt(G\{p}))). Since (lcx(lt(G\{p}))) is 
a monomial ideal, 0^ is divisible by lcx(lt(5j)) for some gi G G\{p}. 
Since we have a block ordering with ordering of X variables taking 
precedence over the G variables, it can be seen that lcx(lt((7j)) is the 
leading monomial of the polynomial \cx{gi) in k[G]. Let us first look 
at the case when aO^ is a term in the leading coefficient, \cx{p)- We 
have that Icx {p) is an element of the reduced Grobner basis of the ideal 
(lcx(deg(lcx(p)), a)) and therefore no term in \cx{p) (including a9^) 
can be reduced by the leading monomials of the polynomials in the 
reduced Grobner basis other than itself. We therefore have a contra- 
diction. Now we consider the case when a9^ is not a term in the leading 
coefficient. Then we have from the definition of reduced Grobner basis 
that 9^ is the normal form w.r.t. the ideal (lc(deg(0^), 0)) and -<2. 
But since 9^ G (lcx(lt(G\{p}))), we have that the normal form is zero 
which is a contradiction. 

(ii) Suppose a term in p G G lies in (ltx(G\{p})) in k[G][X] w.r.t. ^1. 
Let h{9) G k[G] be the coefficient of that term in k[G][X]. We have, 
h{9) G (lcj!c(ltx(G\{p}))). Let us first look at the case when h{9) is the 
leading coefficient of p, \cx{p). We have that \cx{p) is an element of 
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the reduced Gr5bner basis of the ideal (lcx(deg(lcx(p)), a)) and there- 
fore cannot be reduced by the leading monomials of the polynomials 
in the reduced Grobner basis other than itself. We therefore have a 
contradiction. Now we consider the case when h{6) is not the leading 
coefficient. Then we have from the definition of reduced Grobner basis 
that h{9) is the normal form w.r.t. the ideal (lc(deg(/i(0)), o)) and ~<2- 
Since h{0) € {lcx{lt{G\{p}))), we have that the normal form is zero 
which is a contradiction, 
(iii) In short reduced Grobner basis, for each e E Imx(G) we choose the 
reduced Grobner basis for the ideal, {lcx{gi) : gi & G, lni{gi) \ e) in k[0] 
as its generators. We have lcx{Ge) = {lcx{gi) ■ gi G G, Imx(s'i) = e}. 
Since \cx{Ge) is a subset of Gen((lcx(fi'i) : gi G G, lm((7j) | e)), it is 
the reduced Grobner basis of the ideal generated by itself in lk[0]. In 
the short reduced Grobner basis G over k[B][X], the coefficient of each 
term of a basis element is the normal form w.r.t. the ideal formed by 
the leading coefficients of all gi £ G such that lni{gi) divides the term. 
Therefore, lcx{Ge) is the reduced Grobner basis of the ideal generated 
by itself in lk[6]/5e where 5e is an ideal generated by £ = {Icxig) I 9 ^ 
G\Ge such that lui{g) \ e}. 

Thus the short Grobner basis G satisfies the three conditions of Definition 
15. 3t hence it is the strong reduced Grobner basis. □ 

Proposition 5.7. Let -<x,e'-= (^ij ^2) be a block ordering and a C Ik[0][X] 
be an ideal. Let G be the strong reduced Grobner basis for a w.r.t. -<x,B- 
Then G is the short reduced Grobner basis for a. 

Proof. For every ideal a in k[0][X] there exists a short reduced Grobner 
basis. We have shown in the above proposition that the short reduced 
Grobner basis is a strong reduced Grobner basis. W e have that strong 
reduced Grobner basis for an ideal in k[0][X] is unique ( Nabeshimal . l2009l ) . 



This implies that the strong reduced Grobner basis G is the short reduced 
Grobner basis. D 

We would like to mention here that Nabeshima's strong reduced Grobner 
basis should not be confused with the conce pt of strong Grobner basis de - 
fined for ideals in polynomial rings over PIDs ( Adams Sz Loustaunaul . ll994l ). 



To avoid confusion, we mention the former as strong reduced Grobner ba- 
sis and the latter as strong Grobner basis. We give below the definition of 
strong Grobner basis. 

Definition 5.8. Let G = {gi, . . . ,gt} C 74[xi, . . . , a;„] be a set of non-zero 
polynomials. G is said to be a strong Grobner basis for the ideal a it gener- 
ates, if for each / € a, there exists a gi £ G such that lt{gi) \ lt(/). 

The definition does not require A to be a PID but it can be easily shown 
that strong Grobner bases exist only if ^4 is a PID. In a PID, strong Grobner 
basis coincides with the short reduced Grobner basis. We give below an 
example to illustrate the difference between strong Grobner basis and short 
reduced Grobner basis. 
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Example 5.9. Consider the polynomial ring, k[ai,a2][x]. Let G = {afx, a^x} 
be the set of generators of an ideal in k[ai,a2][x]. G is the short reduced 
Grohner basis for the ideal since {0^,02} is the reduced Grobner basis of 
the ideal it generates in k[ai,a2]- Consider f = {af + 02)2;. We have, 
lt(G) = {a1x,a2x} and lt(/) = {a^ + a^x. There exists no g G G such that 
lt{g) \ lt(/). But, lt(/) E (lt(G)). Therefore, G is not a strong Grobner 
basis. 

6. Border Basis over Residue Class Rings over Rings 

Border bases have proven to be a numerically more stable tool to describe 
zero- dimensional ideals in k[xi, . . . , x„] than Grobner bases ( Kreuzer Sz Robbiand . 



20051 ). In this section, based on the characterization given in Proposition 



I3.1H we extend border bases to polynomial rings over the ring A. 

We can define the order ideal and the border of an order ideal in the same 
way as we have in k[xi, . . . , x„]. 

Definition 6.1. A finite set O C Z"q is called an order ideal if x°^ a O and 
x^ I x" where x^ G Z>q implies x^ G O. 

Definition 6.2. Let O Q Z"q be an order ideal, then border of O is defined 
as 

do = {xiO UX20---U XnO) \ O 

We now define the O- border prebasis. The only difference we have here 
is that the coefficients come from the ring A. 

Definition 6.3. Let O C Z"q, O = {x"i, . . . jx""} be an order ideal and 
do = {x'^i, . . . jx'^*} be the border ofO. Then a finite set of polynomials B = 
{61, . . . ,bt} C A[xi, . . . ,x„] is said to be O- border prebasis if{bi, . . . ,bt} are 
of the form, 

s 
Oi — X y ^ CijX , Cij t r±. 

i=i 
Given an ideal a C A[xi, . . . , x„] if B ^ a then B is said to be an O -border 
prebasis of a. 

We give below the definition of border basis. Once we have an C-border 
prebasis with coefficients from the ring the definition of border basis directly 
follows. 

Definition 6.4. Let O C Z"q, O = {x"^, . . . ,x°=} be an order ideal and 
B = {bi, . . ■ ,bt} Q A[xi, . . . ,Xn] be an O -border prebasis. Let a C ^[xi, . . . ,x„] 
be an ideal such that ^[xi, . . . ,x„]/a is finitely generated and is a free A- 
module. Then B is said to be an O-border basis if B Q a and O = {x° : 
lm(5f) \ x°^,\/g S G, where G is a monic short reduced Grobner basis of a}. 

We give below certain results associated with border basis in k[xi, . . . , Xn] 
that are valid in ^[xi, . . . , x„] as well. The proofs of these theorems are ex- 
actly in the same lines as in k[xi,...,x„] and hence we skip them here. 
Note that in fields, border basis is defined only for zero-dimensional ideals. 
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In rings, O-border basis exists if and only if yl[xi, . . . , x„]/o is finitely gen- 
erated and free, i.e. if a short reduced Grobner basis of o is monic. 

We have the following theorem that illustrates how border bases generalize 
the notion of Grobner bases. 

Theorem 6.5. Let O = {x"^, . . . ,x"''} he an order ideal andB C y4[xi, . . . ,x„] 
he an O -harder hasis of an ideal a C ^[xi, . . . , x„]. Then B generates a. 

Uniqueness of the O-border basis can be extended easily to rings. 

Theorem 6.6. Let O = {x"^, . . . ,x"°} he an order ideal and let a C 
A[xi, . . . , x„] he an ideal such that A[xi^ . . . , Xn]/a is finitely generated and is 
a free A-module. Assume that O = {x" : \Ta.{g) \ x", V(7 € G, where G is a 
monic short reduced Grobner basis of a}. Then there exists an unique O- 
horder hasis, B of A. 

The below theorem illustrates the uniqueness of the remainder when we 
reduce it with an O-border basis. 

Theorem 6.7. Let B = {6i, . . . , ht} Q A[xi, . . . , x„] he an O -border basis of 
an ideal a C yl[xi, . . . ,x„]. Let f € ^[xi, . . . ,x„], then remainder of f when 
we reduce it with B is unique. 

Example 6.8. Let O = {l,x} he an order ideal in Z[x,y]. The border of O, 
do = {x^, y, xy}. Then B = {x^ — 1, y — 1, xy — x} is an O - border prehasis. 
Consider the ideal a generated by {x^ — l,y — l,xy — x}. Glearly, B Q a. 
Consider, Z[x, y]/a. First, we have to determine if it is free and we use our 
characterization result for that. Then, we need to determine if the order 
ideal O is a Z-module hasis of the quotient ring. Consider the generator set 
B = {x^ — 1, y — 1, xy — x}. A Grobner basis of this ideal is {x^ — 1, y — 1}. 
Since it is monic, Z[x,y]/a is free. The order ideal O = {l,x} forms a 
"L-module hasis o/Z[x,y]/o. This means B = {x^ — l,y — l,xy — x} is an 
O -border hasis of the ideal, a. 

Summary 

In this paper, we introduced the concept of short reduced Grobner bases 
with which we characterized a finitely generated, free residue class polyno- 
mial ring over a ring, A. The characterization identifies the residue class 
polynomial rings in Z[xi, . . . ,x„] for which all ideals in them are lattices 
(subgroups of Z ). The characterization gives rise to an algorithm, that 
uses short reduced Grobner bases, to compute an yl- module basis for a 
finitely generated, free residue class polynomial ring over A. Using this, we 
show that the concept of Border bases can be extended to polynomial rings 
over rings. 
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